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THEORY OF IRREGULAR WAVEGUIDES WATH SLOWLY CHANGING PARAMETERS.

; B. Z. Katsenelenbaun. !
- Page 2.

Monograph contains the systematic presentation of the method. of

H

calculation of fieids in irrégular radiowaveguides and acoustig
waveguides. Are exazined the bent saveguides, tapered;vetés and
vaveguides,. filled by tﬁe material vhéhé parameters are changed along
the line, which in particular congain the compensating and matching

i
inserts. Are studied ir detail the curvatures of a large radius, flat

changes in the section, slovw chanye in the parameters of material.

Monograph is designed for scientific wcrkers, é?aduate students
and students of.the old courses, which are occupied by electrodynamic
calculations and adjacent guestioans of mathematical physics, and also

to specialists, vorkers in waveguide communication/connection.

BResponsible editor of the assoc. meaber of the AS USSR V. I. Siforov.
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Page 3.

Introduction.

§ 1. Content of monogragh.

1. Theory of regular waveguides, i.e., rectilinear waveguides of
constant section, is developed at present very fully. There are also
many monographs and textbooks, in which in systematic form are set
forth the methods of calculation of the effect of different
irregularities in rectangular waveguide on the propagated in it

fundamental wave. These irregular cell/elements - the coupling

elements and tuning - bear usually the local character: they are

concentrated !in the region of the order of the transverse

sizesdimensions of rectangular waveguide. These cell/elements provide

3

agreement, i.e., the atsence of considerable reflection, in the
relatively narrow frequency pnand. In this frequency band, as a rule,

vave of the highest tyres be propagated they cannot.

In the last 5-10 years appeared the problem of developing of the
plumbing, capable of passing the very broadband, order of one octave.

An example of this problea i1s tae problem of long-distance

Wi
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communication in circular waveguide on wave Hgy [1]. The matching
plumbing in such vaveguides no longer caun be, as a rule, local tuning
cell/elements - diaphragm, stubs, etc. Typical irreqular cell/element
in this vavequide is the steady waveguide transition whose length is
great in comparison with tne transverse size/dimensions of waveguide.
The parameters of this waveguide are slowly changing functions of one
of the coordinates. To this class of systems they are related, for
exanple, the bent wavequide, whose bending radius is great in
comparison with cross section, or long transition between two
waveguides of different sections, long joining, stc. Waveguide

cell/elements of such type possess large band coverage.

Page l&.

In broadband plumking togethner with fundamental, useful wvave,
can be propagated, as a rule, also the waves cf other types, the
so-called parasitic waves. On thne irregular cell/elements of these

circuits, not only must not occur the noticeakle reflection of the

incident wave, but must not be also the considerable transformation
of the fundamental wave into parasitic ones. Usually most essential
proves to be the second requireseant - smallness of losses to

transformation,

The calculation of irregular waveguides with the slowly changing
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parameters required the development of special mathematical methods.

To what extent is great interest in this problem, it is evident fron

the fact that in last/latter 5-6 years in our and foreign press

appeared about 60 theoretical works on this theme, and to 1954-1955

to it were devoted a tctal of several various articles.

In the most typical cases electrodynamic problem is placed as
follows: in the irreqular sectiomn, which connects two generally
speaking different reqgular ones of waveguide, falls any vave froa
single amplitude; it is necessary to calculate the amplitudes of all
waves, which diverge intc both of sides from irregular section. The

totality of these all ccmposite amplitudes occasionally referred to

as the scattering matrix of irreguiar section. Great interest is of,

it goes without saying, also inverse probles - identification of the
parameters, which ensure the smallest ones in the assigned frequency

band of the loss to transformation.
Present monograph is dedicated to systematic presentaticn of one
of the methods of the sclution of the class of the electrodynamic

probleas, the so-called methnod of cross sections indicated.

2. Monograph consists of six chapters. Chapter I contains the

AR

I
]

presantation of the auxiliary metnod of small heterogeneities. Any

l‘wl'l ,,l ‘I

i
i

how conveniently complex irregularity of waveguide (retaining the

AN
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topological structure of its section) can be considered as the
imposition of three fundamental types of irregularities - waveguide
bend, change ir the propeities of the filling waveguide medium and
change in its cross section. in three paragraphs of chapter 1, are
investigated the elementary irregularities of each of these three
types, i.e., the fracture of waveguide on sxall angle, small abrupt
change in the filling, small step. The determination of the wave
amplitudes, scattered on elementary irreqularity, makes it possiktle
to incidentally determine tolerances for the production of waveguide

lines.
Page 5.

The waveguic >, bent to final angle, can te treated as the

raximum form of wavequide with gaay swall fractures. In exactly the

same manner waveguide with alternating/variable filiing is the limit

of waveguide with lamsinar filliag, and waveguide with
alternating/variable section - a iimit of stepped waveguide., The
analysis of an elementary irreguiarity of any type makes it possible
therefore in a number of cases to calculate the amplitudes of waves,
scattered on a final (not small) irreqularity of this type. This
calculation method is rct completsly strict, Lut it possesses the
specific physical clarity, put in aany problems it makes it possible

even to obtain complete solution. it can be considered as the
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physical interpretation of the mataematical apparatus of the

fundamental method, named us by the method of cross sections.

This method is presented in chapter II. Its fundamental idea
lies in the fact that the field in any section of irregular section
is represented in the form of tane infinite sum of the fields of waves
of both of directions, capable of peing propagated of the so-called
vaveguide of comparison - in the regqular waveguide of the same
section and with the same distribuiion of electrical and magnetic
permeability over section. The coefficients of this expansion are the
functions of longitudinal coordinate and satisfy the infinite systea
of the ordinary differential eguations of the first order. The
investigation of irregular waveguide, i.e., three-dimensional
electrodynamic problem, is reduced, thus, to the two-dimensional
problem of the fields of waves in regular waveguide and to
one-dimensional problem - to the Solution of the system of ordinary

differential equations.

The greatest difficuities during the application/use of a method

of cross sections appear for waveguides with alternating/variable
section. Fields in irregular waveyuide satisfy cther boundary
conditions, than fields in the reyular waveguides of the same
section, and the row/series, comprised on the fields of these waves,

on the duct/contour, which limits section, generally speaking, rot
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converge to the functicns whica they must represent. Therefore

solution is constructed first for the waveguide of the constant

o

section, filled by mediums with the continuous distribution of

dielectric constant g{x, y, 2), taen is realized transition to the

discontinuous distribution during which the part of the waveguide

resains empty (see FPig. 10, page 74), and ther - to composite £ vhen

lel-oo. In this way it is possible to avoid ptccess/oéerations with

the unevenly converging series which cannot be piecemeali

differentiated.

Page 6.

The basic values, which characterize heterogeneity, are coupling

coefficients - coefficients in the system of differential equations

for wvave aaplitudes. The properties of these coefficients are

investigated in detail. Tnese coefficients can be also found from the

matrix elements of scattering frca a small irregularity, calculated

in chapter I. The methcd of cross sections gives explicit expressions

for coupling coefficients rfor amy irregularity, in particular for the

combined irregularity.

In application to the steady irregularities, in which the

IR

il

parameters, vhich characterize waveguide, are changed slowly, to easy

i
[l

solve the system of differential equations and to find explicit
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expression for the wave amplitudes, scattered by the irregular
section: it it is analyzed thorougaly in detail in chapter IX. There
are two special cases, e¢xamined in chapter III, vhen this solution -
even for very steady irregularities - becomes complicated. In § 11
and 12 this chapter is investiyated the case, when in tapered veld is
the so-called critically section, i.e., the section, which
separate/liberates, at this frequency, the region of the propagation
of any wave from the region where it be propagated cannot. Near this
section the coupling cceiticients during how conveniently s)ow change
in the parameters of waveyuide become high values, and usual methods
of the type of Wentzel - Kramers - Brillouin (WKB) prove to bhe
inapplicable. It is es.3blish/installed, in particular, the end
condition, equivalent to the presence of critical section and which
makes it possible to be liumited to the solution of differential

equations in the region, distant zrom critical section.

In § 14 of Chapter 111 is examined the second special case -

incidence in the wave on tne fracture of waveguide when the frequency

is close to the critical frequency of the excitable parasitic vave.
In this case, appear the resonaunce effects, and the amplitude of this
parasitic wave can beccme relative to greater. These effects it
depends substantially on the conductivity of the material of wall.
Por their analysis it is necessary to utilize the expression for a

wave number in waveguide witn 1mperfect walls, used, in particular,
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in any nearness to critical frequency; this expression is derived in

§ 15.

In chapters IV and V the developed metheod is used to
concrete/specific/actual waveguide systems. In chapter IV, are
presented the problems of irregular waveguides with rectilinsear axis,
in chapter V, - about the beant uaﬁeguides. In .ertain cases is given

- also solution of the reverse problem of the optimum form of
transition, curvature cr compensating insert. The matecrial of these
chapters does not bhear reference character, it must only illustrate

the possibilities of method and the contemporary state of a question.

Page 7.

In chapter VI formalism of theory is transferred to the case of
the irregular acoustic waveguides, rectilinear and bent. In some
ratio/relations this transference proved to be not so trivial, as
this it was possible tc assume, on the basis of usual relationships

hetween problems for vector and scalar fields.

§ 2. Survey of literature.

Is published at the present time about 100 vorks on the thene,

formulated in the name of the book. At the end of the book, is given
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the list of these works, led approximately to the middle of 1960; the

articles, published up to 1950, in it barely are reflected.

In this paragraph we will give very short survey/coverage of
different methods, which were being applied during the soluticn of
the problems of this class. Articles are groupad according to the
used in them method, that it is somewhat arbitrarily, but it is the

- very convenient method of the classification of material. We isolated
four methods, and the last of thew (we call its method of cross

sections) let us dismantle/select in somewhat more detail.

In this survey/coverage are not included the articles of the
author and work, which adjoin them, this material is presented in

kook itself.

1. Method of join of fields lies in the fact that field in
regular and irregular parts of waveguides is represented in the form
of sum of waves, capable of existing in both waveguides, and from
requirement of continuity of fields is system of linear algetraic
equations for coefficients of these sums. If irreqularity is small,
then problem contains series expansion parameter, and system can be
solved in general form. #ethod is limited by the condition so that
the field in irregular waveguide would have sufficiently simple

structure,
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For rectilinear waveguides the method makes it possible to
calculate transition to cone with small flare angle or (for
rectangular waveguides) to small expansion. By this method were found
the coefficients of reflection oif wave from the expanzion of

rectangular waveguide - works of Levin [2] 1, Piefke [3] and Solymar

[41.

FOOTNOTE !. The part of Levin's results [2] is erroneous; see [3] or

§ 16 this book. ENDFOOTNOTE.

Equivalent method was used by N. P, Mar'in [5] for determining the
conversion factors and reflection during the expansion of rectangular
vaveguide in E-plane. To circular wavegqguides, the method is used by
Solymar {6, 7], which found the conversion factor of wave Hy, into
Ho2, and Tanaka [8] whose formulas make it possible to find the

conversion factors and reflection during incidence in any wave.

In the waveguide, bent on circular arc, it is possible tc
introduce the so-called their own waves and the complete field to

present in the form of the superposition of such their own waves of

the bent waveguide. Utilizing this expansion, Jouguet [9] by the

method of join solved the problem of coupling of rectilinear and bent
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(vith constant curvature) the waveguides of rectangular cross

section.

2. Conformal transformations were widely used by P. Ye.
Krasnushkin [10] for calculation of flat/plane waveguides, In this
method the complex boundary of irregular wavegquide is converted into
two parallel lines. The wWave equation, which describes field in
waveguide, in this case kecomes complicated and acquires this forn,
as if within these parallel lines was arrangeslocated inhomogeneous
medium. The means of this heterogeneity in a known manner is
connected with the function, whnich realizes ccnformal transformation.
Rice [11], B. L. Rozhdestvensxiy [ 12] and N. F. Mar'in [ 13], applying
different reception/procedures tor the soluticn of wave equation with
variable coefficients, they examined by this sequence method of
problems. B. L. Rozhdestveunskiy and D. N. Chetayev [14] used him to
the problem of the creation of the matching tramsitions with
dielectric filling, Confcrmal transformation was used also by L. A.
Weinstein in article [1§); in this work the prcblem of flat
irreqgularity in flat/plane waveguide was solved with the enlistment

of variation principles.

The method of conformal transformations can be, apparently, it
is generalized to rectilinear circular vwaveguides, although this

causes its essential complication. For more ccemplex problems, for

e = o N 2 ko
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example for rectangular saveguiae, which is expanded simultaaeously

in two planes, it is virtually unsuitable.

3. In many works is utilized coordinate system in which walls of
wavequide coincide with cne of coordinate surfaces, During the
construction of this system i1n the general case (i.e., not for
flat/plane waveguides) it is not possible tc apply ccnformal
transformation 2nd it is necessary to resort to special

reception/procedures,

Jouguet [ 16 ) examined by tiis method the waveguide bend of round
cross-section throughout the circumference of the large radius r. In
the introduced to them system of coordinates of the equation of
Maxwell, acquire supplementary in comparison with Cartesian systen
term/component/addends, proportional to curvature. These
term/component/addends have a character of cutside currents, created
by the transmitted wave, and prcbiem is reduced to the solution of
the equations of Maxwell with riyht side. In [16] vere found their
own waves of the bent waveguide and it was obtained, in particular,
fundamental in the thecry of the circular waveguide result about

transformation in the curvature of wave Hg; into wave E ;.

Page 9.
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However, the determination of the awmplitudes of all other
scattered waves, i.e., the values of order 1/r, was not produced; it
requires still supplementary process/operations on the join of fields
on the boundaries of the pent section. This same method adjoins
Levin's article {17], in which are found propagation constant of
their own waves of twisted and bent rectangular waveguides. In this
article also is not produced the join of fields on the boundary of
irregular section and are not determined the amplitudes of the

scattered waves.

In works of A, G. Sveshnikov [18-20] and S, L. Viktorova and A.
G. Sveshnikov [21] this metnod is far moved and used to the decision
of the series of problems of more common/general/total type - of
waveguide bends in three-dimesnsional curve with a simultaneous slow
change in his cross section. The special feature/peculiarity of these
works is the use of regular methods of solving the nonhomogeneous
equations of Maxwell, tc¢ whom is reduced the pioblem. Which follow
work of Sveshnikov {22, 23] even more greatly expand the
possibilities of applyimg this apparatus. In the introduced to them

nonorthogonal curvilinear coordinate system, the surface of the

assigned waveguide is cconmverted into the surface of the cylinder of a

single radius. The sclution of the equations cf Maxwell in this

system is conducted as in {21], ny the method, which adjoins the

method of cross sections; field searches for in the form of
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rov/series on the products of bessel fun.ticns to trigonometric
fdnctions, and for the coefticients of this expansion is
establish/installed the systew of ordinary differential equations,
wvhich contains, in particular, the metric coefficients of the adopted

" system of coordinates.

Another fruitful idea tor the calculation of rectilinear tapered
velds, base of which is also tube antroduction of the special
coordinate system, was proposed iun the article of V. L. Pokrovskiy,
P. R, Ulinich, S. K. Savvinykh [24) about flat/plane waveguide.
According to this method i1s introduced the coordinate systen,
orthogonal with an accuracy to the square of the mean angle of the
slopa/inclination of generatrix. This value is series expansion
parameter of problem, and the wave equation, recorded in this
Ecoordinate system, is decompose/expanded in row/series from this
parameter. Are solved the equatious of zero and first order. In zero
order is obtained homogeneous equation, in the first - heterogeneous.
The solutions search for according to method WKB. The coefficients of
reflection and transformation depend on the character of the
function, which describes the rorm cf generatrix; the order of the
smallness of these values is determined by degree of smoothness of

this function,

Page 10,
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The method of article [24] was recently used to the sufficiently
wide circle of questions [24-31]. Were designed infinite horns,
transitions between two waveguides, waveguides with forming,
described both the analytic funcrions and functions whose one of the
derivatives suffers disruption; were investigated problems with
critical sections. Were examined in essence waveguides flat/plane
[24-29], also, with circular section {30]; in work [31] was made the

attempt to calculate by this method also the waveguides of

rectangular cross section.

4, Is published at presemt avout 50 articles, in which are

develop/processed and are applied to specific problems diverse
variants of method of cross sections; large part of these works
appeared after 1955. The fundamental idea of this method lies in the

fact that the field in arregular wavegqguide is represented in the form

of the superposition of the fields of waves, which exist in simpler

vaveguides. The coefficients or taese superpositions satisfy the
system of ordinary differential equations. Frcm the solution of this

system, are determined the wave aasplitudes, scattered by irregular

section.

The first ideas in tais plan/layout belong to G. V. Kisun'ko

A5 B0 ianss
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[ (for example, see his monograph [ 32]), and A. L. Gutman's article
[33-36] and B. P. Yemelin {37 ] tney develop these ideas. Outside
boundary there was first Stevenson's article {38]; however, the
energetic/energy application/use of this method was begun there only

after the appearance of an article of Schelkuncff {39].

In Stevenson's work [ 38 ] were examined rectilinear tapered
velds. Pield was expressed as six functions each of which was
decompose/expanded according to the membranesdiaphragm functions of
electrical and magnetic waves in the regular wavequide of this
section. For the coefficients of these expansions, wvas
establish/installed the system of the ordinary differential second
order equations, which then were investigated according to method
WKB. The obtained mathematical apparatus proved to be very complex

and bulky. The only finishea to end/lead attempt to use it tc

specific problems for determining the field, scattered by an

irregular section, is made 1n Leonard's article and yem [40]. In this
work are calculated the coefficients of reflection of several waves
from coupling of rectilinear circular wvaveguide with cone and from
expansion in rectangular waveguide; formulas for rectangular
vaveguide are accurate, but formulas for a circular waveguide proved

to be erroneous.

Page 11,
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In the article of Schelkunoff [39] the method of cross sections
is proposed anew and is i1liustrated based on the examples of that
expanding and bent on the caiccuiar arc of flat/plane waveguides. In
Heyn's work [41] is also produced field expansion of waves in the
bent waveguide of constant section in terms of the fields of waves in
rectilinear wavequides. In both tnese articles for the coefficients
of expansion, are estatlish/instalied differential first-order
equations; however, the solutions of these differential equations and

expression for the amplitudes of tne scattered waves do not kring.

In the article of Unger [42] the apparatus, proposed by

Schelkunoff, is used to the speciric problem of the symmetrical

transition between two circular waveguides, on which fallg wave Hy,.

As variables are accepted the wave amplitudes of both of directions,
but not Fourier coefficients fie¢la expansion as in {39] and [41], and
are obtained explicit expressions tor the amplitudes of the scattered
f%rward waves Hp. In the article of Iiguchi [43] it is made the
attempt to calculate coaktined ctraansition from rectangular to the

circular waveguide,

In the articles of Morgan {44 ], Shimizu [45] and Oguchi and Kato

[46] the same method are found differential equations for wave

L
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amplitudes in curvature and are determined . - ~oupling coefficients
of wave Hyy, with Hm and E,; in the bent circular wavequide. In the
article of Andreasen [47], tanat develops the work of Morgan [44], are
calculated the coupling coefficients of wave Hy;, with waves Eg4; and
Hp; in the circular waveqguide and wave H,, with several waves in the
waveguide of square section. In the articles of Unger [48] and
Andreasen [49] vas solved for tae first time the problem of the
curvature of alternating/variable curvature. Houwever, the method,
used by the authors, fcrced them to be restricted to the case when
curvature in all points was fianal, i.e., to exclude the fractures of
the axes whose application/use, as it seemed, they make it possible

to design shortest curvatures.

Apparently independent of Scaelkunoff, but by approximately the
same method examined rectilinear tapered welds Reiter [50]. His
results wvere then used to tae calculation of concrete/specific/actual
systens in the article of Solyaar [51], that gave to thea most
convenient form, and in the works of Schnetzler [ 52, 53], which
calculated the joining ci tae uavegnide of square section and simple

transition from rectangular waveguide to circular.

In the wvorks of Gutman [ 33-36] also are investigated rectilinear

tapered welds. Their special feature/peculiarity in comparison with

the works of Schelkunoff [39] and Beiter [50] and the subsequent
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works, which are based on {39] and [50], is the introduction of the
special coordinate system and another method c¢f the
conclusion/derivation of differential equations. The article of
Yemelin [37] generalizes methcd to the case when simultaneously it

changes both the form of section and the direction cf axis.

Page 12.

The article of G. Ya. iyuparskiy and A. Ya. Pevzner [54] can be
also considered as the version of the method cf cross sections. In it
the field is record/written in the form of row/series, but not on the
fields of waves in reqular waveguide, but on the fields of waves in
the cone, formed by tangents to tane duct/contour of this section. For
the coefficients of expamsion, 1s establish/installed the system of
differential equations; the low parameter in this system proves to be
not the angle of the slope of yeneratrix, but derivative this angle.
If in irregular section tne aangle of the slope of generatrix slowly
is changed with coordinate z, tnen it is possible to obtain integral
expression for the wave ampiitudes, scattered by this section, and
for the validity of the approachsapproximation of the first order the
angle must not be compulsorily small. However, this is reached
because of the very essential complication of expressions for
coupling coefficients. Mecnoa is applicable only for flat/plane or

cylindrical wavequides, and in tne article indicated it is not yet
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obtained concrete/specifics/actual results, although is solved ndt the

electrodynamic, but simpler acousiic protlenm.

The first work on waveyuides with variable filling was the
article of Schelkunoff {55]. in it, strictly speaking, consecutively
were examined only regular w#aveguides in which &€ and p the £illing
medium they depend on ccordinates in cross section x, y and do not
depend on the longitudinal coordinate z. PField in such wavaguides wvas
decoapose/expanded ir ros/series on fields in empty waveguide, and
for the coefficients of tnis expansion was establish/installed the
systen of differential first-order eguations. In this case, each term
of expansion represented f£ield in very simple system, on even in
regqular waveguide the field was agescribed by infinite system of

éguations. The same idea in tne work of Morgan [44] was used to the

bent wvaveguide, and in V. B. Brodsxiy®s article [56] - to the

rectilinear waveguide of coastant section, in which ¢ and u they

depend on all three coordinates.

There are, it goes without saying, works, which according to the
methods used only with large stipulations can be referred *o one of
four groups indicated. {in them is utilized any method, specially
developed for this protleam. Suck works include, for example, already
mentioned article of Weianstein [15] or of article of Barlow {57, 58]

and Marie {59 ):; in [ 57-59) are auvestigated thke conditions of the
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fact that this wave (for example, wave Hy, in the circular waveguide)
is its own wave for a curvature. I: the formulation of the problem of
Barlow's article, they are close to the article of Rozhdestvenskiy

and Chetayev [14].

Page 13.

As can be seen frcom ta.s survey/coverage, energetically are
develop/processed at present several directions. Bach of them can be
connected with the specific work, in whichk were laid the bases of the
corresponding method. Such works we consider the book of Kusin'ko
[32] and article of Schelkunoff [39], Sveshnikov [18 ], Pokrovskiy,

etc. {247 and Reiter {50].

In present monograph we do not give the presentation of these
directions, we do not investigate a question concerning strictmess,
validity and completeness of the ohtained results, and also we do not
compare these directions between themselves and with the direction,

wvhich were being developed in author's articles, and will be

restricted to given short survey/coverage. This book is written in

essence based on materials of author's articles [ 60-78], published
during the years 1953-1961; in it used also several works, which
develop the results of these articles, and are given author's some

unpublished results. According to our opinion, as a whole in these
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works is given the relatively complete theory of a question. However,
wvherever this it vas necessary for the completeness of presentation,

we included the results also other authors.

In the text of the book, are given the references to all used
vorks, eliminating articles [60-78]. We did not refer to the works,
in which the results, which were peing contained in [60-78] or other
articles, used in the book, were obtained simultansously or later
than in these articles. However, in those all cases when any results
vere obtained by other authors earlier, in text were given the

corresponding references.,

§ 3. Regular wavequide.

1. In this paragraph are summarized fundamental properties of
waves in reqular waveguides and are given designations which vwe used.

Presentation in it most of all adjoins Weinstein's monograph [79].

By regular ones we call the rectilinear waveguides whose all
properties are not changed alony the axis of waveguide. In the theory

of irregular waveguides by us will be necessary the examination of

b Xt

the reqgular wavequides ot very general view, We let us assume that

g it 1

the cross section is limited oy tae arbitrary locked duct/contour and

that the properties of the medaum, which fills waveguide, are changed
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in cross section. The waveguides of comparison will be, generally

speaking, precisely such reyular waveguides,

Are examined the steady solutions of the equations of Maxwell

rot E = —ikpfl; (3.1a)
Tot H == ikel . (3.1b)

Page 14.

Dependence on time is accepted in the form e¢, k - wave number

in void, equal to w/c, where ¢ - speed of light. Is applied the

Gaussian system of unity. Dielectric and magnetic coastants £ and p

- dimensionless quantities, equai to one in vcid. Unless otherwise

stated, then £ and p - real scalar quantities.

In (3.1), are not introduced outside currents. It is assumed
that they are located cut of the sections in gquestion and that the

fields are excited by the waves, ialling on these sections.

With exception only § 13 and 14, the metallic walls of

vaveguides are considered as ideally carrying out, so that on then

E-1=0, (3.2)

vhere t - tangential tc surface vector. Since is allow/assumed
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arpbitrary dependence ¢ on coordinates in cross section, then (3.2)

does not limit the class of tae examined wvaveguides.

Let us introduce the Cartesiam -oordinate system, %, y, 2, and
the coordinate axis, parallel to the axis of wavegquide, let us
call/name Z-axis. In cross saection instead of the Cartesian
coordinates x, y, can be introduced the polar coordinates p, B (B is
counted off from x axis or is used any other twoc-dimensional

reference qgrid.

The field of any wave in regular waveguide depends on z means of
factor e—**, where Lk - wave numper 1in waveguide. At ‘requency is
higher than the critical for a wave of this type h2>0, at the
critical frequency h2=0, at the rrequency of lower than critical

h2<0.

We will use also given dimensionless wave number A =h/k. For the
propagated waves 0€A¢{1. At nigyh frequencies 4 it is close to unity, at

critical frequency %2=0.

lLet us introduce complete wave system, capable of existing in
this irreqgular waveguida, incluuing both the those propagating
(h2>0)and those not running (a2g0). Let us lakel these waves by index

je which takes all values *t -« to +=,
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The fields of these waves let us designate E/(x,y,2) and A(x, v, 2). Let

us introduce designaticns F/, H for that factor in the fields of these

waves, which depends only on x, y, i.e., let us designate

Elx,y,2) =E'(x, y)e ™7 [ (x, y,2)= H (x, y)e'"? . (3.3)

Page 15,

Vectors E, H they satisfy six equations, which are obtained with

substitution (3.3) into the eguations of Maxwell (3.1):

oE,
oy

oF!
2 - ihjEL = ikuH!;

T ~ Hl.
+ ‘h/[-y tku X (7X

(3.4a)

——— i —— L e

oH! oH,
-5;13 il = ikeEL ax‘ - ihHL = — ikeEl;

(3.4b)

Bach wave can be propagated (when hj>0) or attenuate (when hj<0
j 1<0)

in two opposite directions. To two waves, which are distinguished
only by direction of progagation, we will appropriate the indices,

equal in magnitude and opposite on sign. If we in this case assunme

h.../ = —h/, (3.5)
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then relationship/ratios (3.3) will be valid for waves of both of
directions. Let us agree to consider that if h} >0, the with j>0 wave
number is positive #,>0, and if n5<0, then with j>0 k= —i|h)|. Then
waves with positive indices will be propagated in the positive
direction of Z-axis, of wave with nega*ive indices - in the negative
direction of 2-axis. The first we will call/name direct waves, the
second - reverse/inverse. The components of direct/straight and
backward waves we will ccnnect with the relationship/ratios
E'=—E, E'=—E, E=El;
(3.6)
T =Hi, H =H!, Hy! = —HL
In this case, is rprcvided iamvariance (3.4) relative to the sign
of index - if the fields of direct wave satisfy equations (3.4),
then, according to (3.5) anu (3.6), them they will satisfy also the
fields of backward wave. Would be possible and another

communication/connecticn, differing from (3.6) exchange E and H.

Page 16.

The fields of different waves are orthogcnal between themselves.
The conditions of orthcgonality we will record in such a way that it
would be correct during any compination of the signs of the indices
of different waves, in particular for tvo counter waves of one and

the same type. The application,use of a condition of orthogonality in




DOC = 79024301 PAGE 28

this form and invariance (3.4) relative to the sign of index will
make it possible subsequently not to make any special stipvlations

relative to the directiomn of propagation of waves.

According to formula (79.11) from [79], the integral

S{[H'"E'lz + [H'E™),}dS = 3.7)

= \(EVH — ELH — BRI, -+ EJHY)dS

is equal to zero, if h,+#h;. Iln (3.7), as it is everywhere lover,
integral ... d5 is undertaken according to the cross section of
vaveguide. Equality zeroc (3.7) 1t 1is easy to cobtain also directly
from (3.4), (3.2). As is known, if is retained during replacement

{3.2) by Leontovich's ccndition.
We will take for fields E, H' the following standardization:

[ (ELHL. — EIHI)dS = kn,. (3.8)

Right side (3.8) is selected by such shape, in order to
standardization condition for the membrane/diaphragm functions [ see

below (3.16) ] it assumed the simplest and customary form.

The condition of ortnogonality and (3.8) it is possible to

record in the form one ccndition
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S(EMHT — EIH} — ERH) + EJH)AS = 2khydmy,  (3.9)

vhere 9§, =0 when ms-j, 6;=1. By equations (3.4) and (3.9) the fields
of normal waves in regular wvaveguide are determined unambiguously

{with an accuracy to signj.

The energy flow, cransferred through the cross section Ly the
normal wave of number j (witn an accuracy to common/general/total to
all waves of unessential factor) is equal for real omes h is simple
h;. We will speak, that the wave amplitude is equal to P, if its field
essence E=PF', H=P;ff/; in this case energy flecv is equal, again with

an accuracy to this factcr,
| P|h;. (3.10)

Speaking below ahout energy losses to transformation into the wave of
any number, we always wilil impliy the ratio/relation of values (3.10),

calculated for this wave and for the incident wave,
Page 17.

2. If ¢=1, p=1, i.e., for empty vaveguides, field F, H' they
can be expressed through two meabcrane/diaphrags functious w“x,y)
and ¢'(x, y); these functions are proportional to longitudinal

conponents of magnetic and electric vectors of hertz. Punctions ¢/
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and ¢/ satisfy the identical equations

v Loy =0 (3.11a)
v’ + ajg’ =0, (3.11b)

vhere y? the two-dimensiocnal (in the variables x, y)} operator of
Laplace. Values «; essence the ergenvalues of equation (3.11) under

boundary boundary conditions of the cross section

!
"5‘% = 0; (3.12a)
(p’ == O (3. l2b)

Here, as is everywhere lower, n - external normal to the duct/contour
of the section of regular waveguide. Between values aj, depending only
on the geometry of cross section, and by wave numbers k and #h; there

is relationship

B =kt — 2, (3.13)

The eigenvalues of systems (34.11a), (3.12a) and (3.11b), (3.12b),

generally speaking, do aot coincide.

There is division into magnetic and electrical waves. The fields
of magnetic wvaves are exfpressed as function ¢/
. A ! .
E, é\—-'k‘ip—l; j.:,—.' a—“.’_' -'_—; ]
P 'ay E, ‘kax' E; =0,
(3.14a)

i __ . 6\3}"', ! ., ol i
H,——zhis;-, H,,:——-th,--%; H! = ady'.

iy
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The fields of electrical waves are expressed as function ¢/

Y .. ogl
E.= —zh,-;_g—; E{,:-—zh,-%; El =alq; (3.11b)
j __ éﬂ. ) Qﬂ. 1.
Hi =ik % Hy = xkax, H;=0. !
Page 18.
We will assunre
¢! = (pl, 'q"l = —-\bl. (3.15)

Then relationship/ratics (3.14) are also invariant relative to the

sign of index.

Bxpressions (3.14